Exploiting multi-dimensional quantum walks as feasible platforms for quantum computation and quantum simulation is attracting constantly growing attention from a broad experimental physics community. We propose a modification of the quantum walk scheme described in [C. Di Franco et al., Phys. Rev. Lett. 106, 080502 (2011)] that presents, in the considered regimes, a strong localization-like effect on the walker. We characterize it in terms of the parameters of a step-dependent qubit operation that acts on the coin space before any standard coin operation, showing that a proper choice can guarantee a non-negligible probability of finding the walker at the origin even for large times. We finally discuss possible experimental realizations of this model with the current state-of-the-art settings.
The field of quantum computation and quantum simulation has been recently driven to a new rising edge by the experimental realization of quantum walks in various setups, highlighting that different physical systems can be adapted for the implementation of these models. In particular, optical systems have shown their full potential, allowing the experimental demonstration of two-dimensional quantum walks for the first time [1, 2] , even if several further progresses will surely be obtained also in the other physical scenarios that have been already exploited for the one-dimensional case [3, 4] .
From the theoretical point of view, the interest in twodimensional quantum walks has been boosted by the fact that, differently from the one-dimensional version, higherdimensional schemes (i.e., walkers moving on structures with dimension larger than one) can be exploited for the efficient implementation of quantum search algorithms [5] . In particular, the Grover walk has been intensively studied due to its localization feature [6] . It has been proved that the nonlocalized case of the Grover walk can be simulated by a walk where the requirement of a higher dimensionality of the coin space is substituted with the alternance of the directions in which the walker can move [7] .
In the quest for more feasible quantum walk models, an important step forward is presented in this paper: a strong localization-like effect can be indeed obtained in the modified version of the alternate quantum walk presented here, reducing the gap with the standard two-dimensional version. This result could pave the way for adapting this scheme to the realization of quantum algorithms, providing a clear advantage in terms of experimental resources. After a short introduction on the quantum walk studied here, we characterize it in terms of its relevant parameters and show that a proper choice can guarantee a non-negligible probability of finding the walker at the origin even for large times. We then hint at a qualitative relation between the ability of the system to localize and the behavior of coherences established in the state of the particles performing a two-particle equivalent scheme of the walk, which in turns provides information on the way correlations are set up between them. We discuss the robustness of this model to imperfections and its possible experimental realization with the current state-of-the-art settings in linear optics and cold-atom devices.
Let us consider a quantum system with two degrees of freedom, and thus described by a vector in the composite Hilbert space H = H W ⊗ H C . The coin space H C is a two-dimensional Hilbert space spanned by {|0 , |1 } and the walker space H W is an infinite-dimensional Hilbert space spanned by {|x, y }, with x and y assuming all possible integer values. We take as a basis of this space H the set {|x, y, c }, with |x, y, c = |x, y W ⊗ |c C ; x and y could denote, for instance, the position of a particle (walker) along the x and y directions, respectively, while |c C is an internal twolevel degree of freedom. From now on, we consider |0, 0 W as the initial state of our walker, and |+ y C = (|0 C +i|1 C )/ √ 2 as the coin one.
The evolution of the system is given by a sequence of conditional shift, coin operations, and phase gates. The effect of the two different conditional shift operationŝ
is to move the walker on a two-dimensional plane, in a way that depends on the coin state. If we label the position in the x and y directions with increasing numbers from left to right and from bottom to top, respectively,Ŝ x moves the walker one step to the left (right) when the coin-component is in the state |0 C (|1 C ) andŜ y moves the walker one step down (up) when the coin-component is in the state |0 C (|1 C ). Our coin operation (acting only on the coin space) is the Hadamard gatê
as in the original quantum walk [8] . In order to include some dependence on the (discrete) time (similarly to what has been done in Ref. [9] ) in the single walk step, we also add the phase gateP with t the corresponding time step of the quantum walk [alsô P φ (t) acts only on the coin space]. A single time step consists here of two Hadamard operations, two phase gates and two movements on the x and y directions, according to the sequence: coin operation -phase gate -movement on x -coin operation -phase gate -movement on y.
Let us first consider the case where both the phase gates (the one before the movement on x and the one before the movement on y) have the same φ. We are interested in the spatial probability distribution after a fixed number of steps, that can be obtained by tracing out the state of the coin. In particular, we want to investigate the probability to find the walker in the origin, and check if it quickly decreases with time, or any localization-like effect is present. Fig. 1 shows this probability for different values of φ (we have investigated several other random values of φ, finding always a similar behavior). For comparison, let us remember that in the case φ = 0 (i.e., the standard alternate quantum walk) this probability is a nonincreasing function of the time. However, for φ = 0, there are peaks showing a return of the walker in the origin.
It would be interesting to check the walker behavior for long times. In order to do that, we consider the return probability (i.e., the probability to be in the origin after a certain number of steps t), averaged over t (or, more precisely, over t/2, as the probability is zero for all even steps). We plot it against t in Fig. 2 , for the same values of φ as in Fig. 1 . We can notice that the average probability rapidly goes to zero. Also in this case, we have investigated several random values of φ, finding always a similar behavior.
Due to the freedom given by the fact that the scheme in Refs. [7] separates the movement of x and y, another possibility is clearly to have different phase gates before the two movements, i.e. having different φ. Let us define φ x (φ y ) the angle in the phase gate before the movement on x (movement on y). We can therefore investigate the whole region of the φ x − φ y plane and check for localization-like effects. In order to do that, as a reasonable trade-off between the computational power required by the simulation and the readability of the plot, we fix the total number of steps to t = 40 and study the average return probability against the two angles, as shown in Fig. 3 . It is straightforward to notice in this plot (as well as in other plots that we obtained for different values of the total number of steps t) that the maximal values are reached when only one of the two φ's is different from zero. Moreover, the average probability is symmetric with respect to φ x ↔ 2π − φ x , φ y ↔ 2π − φ y , and φ x ↔ φ y . If we want to find the proper choice of φ parameters in order to maximize the localization-like effect, and then study its long-time behavior, we can thus just fix one of the φ's equal to zero (in the following investigation, we choose φ y = 0), and vary the other. This will allow us to reduce the number of parameters and investigate longer times. We plot the obtained results in Fig. 4 , where also more points have been taken for the values of φ x . The total number of step is t = 100, in this case. We can notice that there are wide regions where the average return probability is much larger than the value corresponding to φ x = φ y = 0 (i.e., the stardard alternate walk, for which the value is around 0.025). For comparison, for the same number of time steps, when φ x = φ y = 0 (the case analyzed previously), the average return probability never goes above 0.1. We have already a strong evidence that this choice (φ x = 0, φ y = 0) could guarantee a localization-like effect.
We thus take the value for which we have the maximum at t = 100 (φ x = 19/25) and we plot again the average return probability against t (as done in Fig. 2) for this case. The difference is evident: The probability does not go rapidly to zero and seems to have an asymptotic value. It is interesting to notice that a localization-like effect has been observed in one-dimensional quantum walk with periodic coin operation as well [9] , but in that case it is a transition behavior before the walker starts to spread. A localization effect could strikingly widen the possible applications of the alternate quantum walk, considering in particular the importance of localization in the Grover walk [5] , the two-dimensional quantum walk exploited for the implementation of Grover search algorithm.
If the model has to be used for realistic implementation, it is clearly necessary to analyze how robust it is against imperfections. A systematic error in the value of φ x will not strongly affect the localization-like effect, as it can be already noticed in Fig. 4 . Even if the value of φ x is not exactly the one corresponding to the maximum, wide regions of φ x give reasonable return probability. The other possibility is that the error on φ x is not systematic. For instance, at each time step the angle could assume a value equal to (1 + δ)φ 0 , where φ 0 is the ideal value and δ is a random variable taking into account possible inaccuracies. In order to check the robustness, we have thus studied the return probability sampling δ at each time step from a uniform distribution in the range [−0.01, 0.01] (corresponding to a possible error up to 1% of the optimal value). We present the results, averaged over 100 trails, in Fig. 6 .
There are two regions that can be distinguished in the plot. The first one is for short times, where the effect of the periodicity in the operation acting on the coin space keeps the return probability quite high, very close to the optimal value in Fig. 5 . Then, in the second region, the probability starts to decay, due to the effect of randomization of the the phase angle. The value is still higher than the standard alternate quantum walk, but the probability clearly goes to zero for long times. This can be understood by considering that disorder in the quantum walk coin operation can have some localization effect as well [10] . However, three different kinds of disorder can appear: one only depending on the time (i.e., a fixed value of δ at each time step, as we have considered previously), one only on the position (i.e., a fixed value of δ at each position of the lattice on which the walker is moving), and one on both. In particular, only the second gives rise to Anderson localization effects, even if the other two still have localization effects. In all the three cases, however, the probability to find the walker in the origin goes to zero for the time going to infinity. For the sake of completeness, we have studied the other two cases and reported also these results in Fig. 6 (red dashed and blue dotted lines, respectively).
It is very interesting to compare the localization phenomenon to the behavior of coherences established between the particles performing a two-particle equivalent scheme of the walk. As described in Ref. [11] , the alternate quantum walk can also been seen from a different point of view: two particles both moving on a line, not interacting directly but sharing a common degree of freedom, embodied by the coin. The one-dimensional movement of the first particle corresponds to the shift of the original walker on the x direction, and the one-dimensional movement of the second particle to the shift of the original walker on the y direction. Intuitively, one expects that the achievement of localization in the alternate walk would affect the way the two walkers are able to correlate each other, establishing some form of localizationradius. Only within such radius the motion along the x di- rection would be tied to that along the y direction. In turn, this would be reflected in the way off-diagonal elements in the two-walker density matrix are populated as the number of steps in our process grows. In the non-localized case, on the other hand, we expect sizeable coherences to be established even when the walkers are beyond the localization-radius described above.
In order to provide a quantitative assessment of such expectations, we have studied the behavior of the quantity
with A = Tr √ A † A the trace-norm of an operator A, ρ W the density matrix of the walkers and ρ W,k (k = x, y) its reduction for the walker align the k axis. We dub C as the coherence norm. By providing the sum of the moduli of the off-diagonal elements of the density matrix ρ W , the coherence norm is adopted, in our study, as a quantifier of the global behavior of walker-walker coherences. Notice that a very recent investigation has put forward similar tools as genuine measures of coherence in a quantum system [12] . We have compared the trend followed by the coherence norm for three different arrangements of the walk, namely one case of strong localization (φ x = 19/25, φ y = 0, black line), one case of weak localization (φ x = π/4, φ y = 0, red dashed line), and one case of no-localization (φ x = 0, φ y = 0, blue dotted line). The results, presented in Fig. 7 , show that C displays rather distinctive features and confirm our predictions. As coherence in the extended Hilbert space of the two walkers is directly related to the correlations established by the two particles moving along the orthogonal axes of our lattice, this suggests in a quantitative and measurable way a strong connection between the phenomenology of inter-walker correlations and the features of the walk itself, an aspect that clearly deserves further in-depth investigation.
Let us now discuss possible experimental implementations of this model. The standard alternate quantum walk has been recently realized in a optical loop setup [2] . In order to obtain the model proposed here, we should add a phase gate after the first coin operation (denoted as "coin 1" in Figure 1 of Ref. [2] ). This can be implemented by means of an electrooptic modulator (EOM), as done in Ref. [13] for demonstrating the effects of disorder in one-dimensional case. As shown in Ref. [13] , the EOM can be properly programmed in order to change the phases between single steps of the quantum walk, therefore allowing the dependency of the phase gate operation on the time step, as required in the proposed model. Clearly, this time-dependent alternate quantum walk can also be realized in any other physical setups suitable for the standard alternate version. For instance, when an alternate quantum walk will be implemented by means of neutral atoms in optical lattices, along the lines of the one-dimensional experiment in Ref. [3] , the only change to obtain the model studied here will be in the operation acting on the internal degree of freedom (ı.e., in the pulse allowing transitions between the considered hyperfine levels of the atoms).
We have studied a time-dependent alternate quantum walk obtaining, in the considered regimes, a strong localizationlike effect on the walker. We have investigated this behavior and found the optimal strategy to enhance it. This could pave the way for adapting the scheme to the realization of feasible quantum algorithms, providing a clear advantage in terms of experimental resources. We have also shown that it can be experimentally implemented with the current state-of-the-art technology.
